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Abstract. In order to facilitate the comparison of Riemannian homogeneous 
spaces of compact Lie groups with noncommutative geometries ("quantiza- 
tions") that approximate them, we develop here the basic facts concerning 
equivariant vector bundles and Dirac operators over them in a way that uses 
only global constructions and arguments. Our approach is quite algebraic, 
using primarily the modules of cross-sections of vector bundles. We carry the 
development through the construction of Hodgc-Dirac operators. The induc- 
ing construction is ubiquitous. 



1. Introduction 

In the literature of theoretical high-energy physics one finds statements such as 
"matrix algebras converge to the sphere" , and "these vector bundles on the matrix 
algebras are the monopole bundles that correspond to the monopole bundles on 
the sphere" . I have provided suitable definitions and theorems [HI [13] that give 
a precise meaning to the first of these statements (and I am developing stronger 
versions); but I have not yet provided precise meaning to the second statement, 
though I laid much groundwork for doing this in [14j . To quantitatively compare 
vector bundles on an ordinary space, such as the sphere, with "vector bundles" , 
i.e., projective modules, over a related noncommutative "space", it is technically 
desirable to have a description of the ordinary vector bundles that is as congenial 
to the methods of noncommutative geometry as possible. This means, for example, 
avoiding any use of local coordinates, and working with the modules of continuous 
cross-sections of a bundle rather than with the points of the bundle itself. 

The purpose of this paper is to give such a congenial approach for the case 
of equivariant vector bundles over homogeneous spaces of compact connected Lie 
groups. (This includes the monopole bundles over the 2-sphere.) So this paper 
can be viewed as largely expository, with its novelty being primarily in our presen- 
tation of the known results, and the relative simplicity that our approach brings 
to this topic. (Compare with [TTJ [5J [THl H].) We are able to work entirely just 
in terms of functions on the Lie group. The only differential geometry that we 
need is that which involves how elements of the Lie algebra give vector fields on 
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the group that can differentiate functions. Beyond this, our treatment is quite 
self-contained, and very algebraic in nature (somewhat along the lines found in 
Chapter 1 of [7] - see the comment near the top of page 86 of [7J as to why this 
kind of approach is appropriate). The main new result is Theorem l8.4l in which we 
give necessary and sufficient conditions for the Hodge-Dirac operator correspond- 
ing to a not-necessarily torsion-free connection to be formally self-adjoint. Notable 
is our use of "standard module frames" in various places where traditionally one 
would have used local arguments involving coordinate charts. Various steps of our 
development can be generalized in various directions, but for simplicity of exposi- 
tion we do not explore these generalizations. I expect to use the material presented 
here for my study of the quantitative relations between ordinary and "quantum" 
vector bundles, along the line that can be inferred from [14] , 

In Section [2] of this paper we introduce equivariant vector bundles over homo- 
geneous spaces and their modules of continuous cross-sections, while in Section [3] 
we give a concrete description of the algebra of module endomorphisms of a cross- 
section module. Section 0] is devoted to discussing the tangent bundle of a homo- 
geneous space through its module of cross-sections. Sections [2] to |4] form in part a 
more leisurely version of section 13 and proposition 14.3 of |14j . In Section [5] we 
discuss connections on equivariant vector bundles, while in Section [5] we discuss 
the Levi-Civita connection for an invariant Riemannian metric on a homogeneous 
space. Finally, Section [Jj is devoted to the Clifford bundle over the tangent space 
of a homogeneous space with Riemannian metric, in preparation for the discus- 
sion of the Hodge-Dirac operator that we give in Section [H One notable aspect 
of Section [8] is that we give simple examples of non-torsion- free connections whose 
Hodge-Dirac operators are nevertheless formally self-adjoint. I have not seen this 
possibility discussed in the literature. 

I have tried to put in enough detail so that this paper will be accessible to those 
who have not previously met vector bundles and Dirac operators. 

Equivariant vector bundles are very closely related to the induced representations 
that were so central to much of the research of George Mackey. The inducing 
construction appears everywhere in this paper. As an undergraduate I had the 
pleasure of taking a year-long course on projective geometry taught by George 
Mackey, and a decade later his research on induced representations became of great 
importance for my own research. 

I developed part of the material presented here during part of a ten-week visit 
at the Isaac Newton Institute in Cambridge, England, in the Fall of 2006. I am 
very appreciative of the quite stimulating and enjoyable conditions provided by the 
Newton Institute. 

2. Induced vector bundles 

In this section we assume that G is a compact group, and that K is a closed 
subgroup of G. Then G acts on the coset space G/K, which has its natural compact 
quotient topology from G. We let A = C(G/K), the C*-algebra of continuous 
functions on G/K with pointwise operations and supremum norm || • Hoc. We will 
not specify whether the functions have values in R or C, as either it will be possible 
to infer which from the context, or it does not matter for what is being discussed. 
We will often view A as the subalgebra of C(G) consisting of functions / that satisfy 
f(xs) = f(x) for x 6 G, s e K. We will in general let A denote the action of G by 
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left-translation on various types of functions on G (or G/K). In particular, we let 
A denote the action of G on A, defined by (X y f)(x) — f(y~ 1 x) for / £ A, y, x £ G. 

When G is a Lie group, so that G/K is a smooth manifold [Hj, everything in 
this section has an evident version for smooth functions, but we will not state these 
versions, although we will use them in later sections. 

Let (71", TL) be a finite-dimensional representation of K . Since K is compact we 
can equip the vector space TL with a w- invariant inner product. Thus we will assume 
throughout that (jr, TL) is an orthogonal or unitary representation. We set 

E n = {£ S C(G,TL) : £(xs) = ^({(x)) for x £ G, s£ K}. 

Here C(G,TL) denotes the vector space of continuous functions from G to TL. It 
is easily checked that is in fact a module over A for pointwise operations. In 
non-commutative geometry it is often most convenient to put module actions on 
the right, so that operators can be put on the left. We will follow this practice 
here for ordinary vector bundles, as done also in [6], since it is convenient here also. 
Thus we view S w as a right A-module. For consistency we must then write scalars 
on the right of elements of TL, and we have (£/)(#) = £,(x)f(x) for £ £ E v , f £ A, 
x £ G. 

The left action of G on itself gives an action of G on C(G,TL), and it is easily 
verified that this action carries into itself. We denote this action again by A, 
so that (\ y €)(x) — Then we have the "covariance relation" \ y (£f) = 

(X y £)(A v f). With abuse of terminology we set: 

Definition 2.1. The A-module 5^ with its G- action is called the equivariant vector 
bundle over G/K induced from (n,TL). 

We observe that for (eH, and s £ K we have (A s £)(e) = ^(s _1 ) = 7r s (£(e)), 
where e is the identity element of G. Thus as long as we remember how E,„ is 
a space of functions on G, we can in this way recover the original representation 
(•7r, TL) from S w with its G-action. 

The inner product on TL determines a canonical bundle metric (often called a 
Riemannian or Hermitian metric) on 5^, that is, an A- valued inner product [9], 
defined by 

(£.,v)a(x) = {£(z),ti(x))h- 
We take our inner product on TL to be linear in its second variable. It is easy to 
check that the A-valued inner product on E!^ is G-invariant in the sense that 

\((£>>7>a) = (A„C) V?)a< 

On G/K there is a unique G-invariant probability measure. Integrating functions 
on G/K against this measure is the same as viewing the functions as defined on 
G and integrating them against the Haar measure on G that gives G unit mass. 
Throughout this paper whenever we integrate over G/K or G it is with respect to 
these normalized measures. 

On we can define an ordinary inner product, (■,■), by 

M = / (S,ti)a. 
Jg/k 

The action A of G on 5^ preserves this inner product. The completion of for 
this inner product is the Hilbert space for Mackey's induced representation of G 
from the representation (n, TL) of K, with the representation of G just being the 
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extension of A to the completion. The pointwise action of A on Z n extends to an 
action on the completion, and this action can be viewed as Mackey's "system of 
imprimativity" for the induced representation. 

It can be shown that H OT is the space of continuous cross-sections of the usual 
equivariant vector bundle induced from (tt, Ti). But we do not need this fact, 
though our development can be useful in proving this fact. A theorem of Swan 
|17|.l6] says that the module of continuous cross-sections will always be a projective 
module (finitely generated, but in this paper whenever we say "projective" we 
always also mean "and finitely generated"), and conversely. We include here a 
direct proof, taken from [14j but with antecedents in [10] . that S w is a projective 
module. One important feature of the proof is that, as we will explain, it provides 
a way of obtaining a projection p in a matrix algebra M n (A) for some n, such 
that is isomorphic to the right A- module pA n . Such projections are crucial for 
quantifying the relation between vector bundles on compact metric spaces that are 
close together for Gromov-Hausdorff distance, as seen in [14]. 

Proposition 2.2. For G, K and (tt, Ti) as above, the induced module S w is a 
projective A-module. 

Proof. Find a finite-dimensional orthogonal or unitary representation (tt, Tt) of G 
such that Tt is a subspace of Ti and the restriction of tt to K, acting on Ti, is tt. 
Such representations (tt, Tt) exist according to the Frobenius reciprocity theorem, 
which has an elementary proof in our context [2]. Note that C(G/K, Tt) is a free A- 
module, with basis coming from any basis for Tt. Define $ from to G[Gj K,Tt) 

by 

($O0»0=M£(a0) 

for x £ G. Clearly $ is an injective ^-module homomorphism. Let P be the 
orthogonal projection from Ti onto Ti, and define a function p from G to C(Tt), the 
algebra of linear operators on Tt, by 

p(x) = tt x Ptt*. 

It is easily seen that p is a projection in the algebra C (G / K , C(Tt)) . Furthermore, 
this algebra acts as endomorphisms on the free A-module C(G/K, Tt) in the evident 
pointwise way, and it is easy to check [14j that p is the projection onto the range 
of <&. Thus the range of and so S OT , is projective. □ 

We remark that the actual vector bundle corresponding to can be viewed as 
assigning to each point x of G/K the range subspace of p(x). Notice that for a 
given (tt, Ti) there may be many choices for the representation (it, Tt) above, and 
so many choices of the projection p. 

In case G is a Lie group, it is known that finite-dimensional representations (as 
homomorphisms between Lie groups) are real-analytic, so smooth. Consequently 
the projection p of the above proof is smooth, and this shows that the subspace 
of smooth elements of is a projective module over C°°(G/K). 

Let A be any unital C*-algebra, and let S be a right A-module. Assume that 5 
is equipped with an A- valued inner product [9]. A finite sequence {rjj} of elements 
of S is said to be a standard module frame for S if the "reproducing formula" 
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holds for all (gS. (It is easily seen, p. 46 of [14], that if S has a standard module 
frame, {?7j}™ =1 , then 2 is a projective A-module, and the matrix p = {{r)j,r]k}A} 
in M n (A) is a projection such that 5 = pA n .) We can construct standard module 
frames for the induced vector bundles 5^ as follows. For (7r,7Y) as used above, let 
{ej} be an orthonormal basis for H. For each j define r/j by rjj(x) = Pn^ej for 
x G G. Each rjj is easily seen to be in E^. Then for ( £ S, we have 

where we have used that {ttJ ej} is equally well an orthonormal basis for TL. Thus 
{ifj} has the reproducing property, and so is a standard module frame for 3*-. (We 
remark that it may happen that rjj = for certain j's.) We will make good use of 
standard module frames in some of the next sections. 

3. Endomorphism bundles 

In this section we will give a description of the endomorphism bundles of induced 
bundles. This description will be useful in our later discussion of connections. We 
will continue to work just with continuous functions and cross-sections, and we will 
leave it to the reader to notice that when G is a Lie group everything said in this 
section has a smooth version. We will need these smooth versions in later sections. 

As before, let (tt, H) be a finite-dimensional orthogonal or unitary representation 
of K, and let be the induced bundle. We want to describe End^S^) in terms 
of (tt,H). Let {rij} be a standard module frame for S w . For any T G End^S^) 
and any £ G we have 

where for £,77 G we let (C^e denote the "rank-one" operator on defined 
by {CtV)e^ = C(VtQa- Then {-,-)e is an inner product on with values in 
E = End J 4(5 Tr ). It is linear in the first variable, and elements of E pull out of 
the first variable as if they were scalars [S]; we view 3,r as a left E- module. The 
calculation above shows that for any T G E we have T — ^{Trij, r)j)E- Thus E is 
spanned by the "rank-one" operators. 
For any £, 77, £ G we have 

({C,v)EO^) = a^{v(x),^x)} H = (C(a0,»7(a0}o(£(a0), 

where now (•, -) denotes the usual ordinary rank-one operator on 7i given by two 
vectors. Since we just saw that the "rank-one" operators (C,v)e span E, we see 
now that every operator in E is given by a function in C{G 1 C{TL)), as we would 
expect. Furthermore, for any x G G and s G K we have 

(axs),r](xs)}o = (^ 1 (C^)), 7 r s - 1 (r,( a ;)))o = tt^^z), t^ott*. 

It follows that if T G C(G, C(H)) represents an element of E then T(xs) — 
ir~ 1 T(x)ir s . But a simple direct check shows that any T satisfying this property 
gives an element of E. Thus we have obtained 
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Proposition 3.1. We can identify End J 4(S 7T ) with 

= {T e G(G, C{H)) : T{xs) = Tr^T^)^ for x G G, se K}, 

where the action of such a T on £ G is given just by (T^)(x) — T(x)(^(x)). 

There is an evident action, say a, of K on C(TC), given by a s (r) = tTsTtt^ 1 , 
and we see that is just the "induced algebra over G/K for the action a". As 
such, £ v is an A-module. But it is also an A-module just from the fact that A is 
commutative so that A is contained in the center of £„•, and we notice that these 
two A-module structures coincide. 

4. The tangent bundle 

We now assume that G is a compact connected Lie group with Lie algebra g. We 
assume again that if is a closed subgroup of G, which need not be connected, and 
we denote its Lie algebra (for its connected component of the identity element e) by 
6. Then G/K is a compact smooth manifold [T5]. We seek an attractive realization 
of its tangent bundle, as a projective A-module, where now we set A — C°°(G/K), 
with functions being real-valued. We use below some standard facts [19] about 
Lie groups and their Lie algebras. This section and the next two have a number of 
points of contact with section 5 of pQ. 

Much as before, we view C OQ (G/K) as a subalgebra of C°°(G). The action 
A of G on C°°(G) and C°°(G/K) gives an infinitesimal action of g, defined for 
X G g by (Ax/) (a:) = (Xf){x) = D t (f(exp(-tX)x)), where we write D l Q for 
(d/dt)\t=o- This gives a Lie algebra homomorphism from g into the Lie algebra 
Der(C°°(G)) of derivations of the algebra C°°(G), and so into Der(C°°(G/K)). 
(See proposition 2.4 of chapter of [H].) The derivations Ax of C°°(G/K) are often 
called the fundamental vector fields for C°° (G / K) . Since C°°(G) is commutative, 
Der(C°°(G)) is a module over C°°(G), and a basis for g gives a module basis for 
Der(C°°(G)), that is, Der(G°°(G)) is a free G°°(G)-module. We can thus realize 
the elements of Der(G°°(G)), which is the module of smooth cross-sections of the 
tangent bundle of G, as elements of G°°(G, g), where the action of W 6 C°°(G,g) 
on G°°(G) is given by 

(Xwf)(x) = Dg(/(exp(-*W(x))x)). 

Accordingly, we denote C°°(G,g) by T(G), for "tangent space". 

Now for / G A = C°°(G/K) and W £ T(G) we need to have W(xs) = W(x) for 
x G G and s G K if we want Xwf G A. Furthermore, if for some x\ G G we have 
W(xi) G Ad xi (t), then Ad^{W{ Xl )) G 6, so that 

(Xwf)(xi) = D*(/(exp(-W(x 1 ))xi) 

= ^(/(xrexpHAd- 1 ^^))) = ^(/(asx)) = 0. 

Conversely, if (X w f){xi) = for all / G A, then W(a:i) G Ad Xl (6). 

Choose an Ad-invariant inner product, (•, -) B , on g, which we fix for the rest 
of this paper. Let m denote the orthogonal complement to t in g. Let P be the 
orthogonal projection of g onto m. For any W G T(G) define W by W(x) — 
Ad x (P(Ad~ 1 (l¥(a;)))). Then W(x) - W(x) G Ad x (t) for all x, and so W - W acts 
on A as the 0-derivation. This and the earlier calculations suggest that we consider 
(4.1) 

{W G G°°(G,g) : W(x) G Ad x (m) and W(xs) = W{x) for all x £ G, se if}. 
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And indeed it is easily seen that any such W, acting as derivations of C°°(G) by 
the earlier formula, carries A into itself, and that every smooth vector field on G/K 
is represented in this way. However, it is inconvenient that the range space of the 
W's is not constant on G. But 

exp(V^(a;))a; = a;exp(Ad 2 : 1 (M / (a;))), 

and if W is as in 4.1 then Ad~ (W(x)) G m for all x. When we also take into 
account the effect on the right if-invariance, we are led to: 

Notation 4.2. With notation as above, set 

T(G/K) = {W G C°°(G,m) : W(xs) = Ad,-i(W(x)) for x G G, s G K). 

We let elements of T(G/K) act as derivations of C°°{G/K) by 

(6 w f)(x) =D t Q (f(xeMtW(x)))), 

where we have also left behind the earlier minus sign. It is clear that T(G/K) is a 
module over A for pointwise operations. We recognize T(G/K) as just the induced 
bundle for the representation Ad restricted to K on m. It is easy to check that 
T(G/K) does give derivatives in all tangent directions at any point of G/K. We 
can then to use the fact that T(G/K) is an A-module to show that it does contain 
all the smooth vector fields on G/K. Thus it does represent the space of smooth 
cross-sections of the tangent bundle of G/K, though we will not explicitly need this 
fact. This description of the tangent bundle can be found, for example, in [TBI 151 [T]. 

For leg the corresponding fundamental vector field on G/K is given, in the 
form used for (|4.ip . by 

X(x) = Ad x (PAd-\X)). 

Then in the form used for the definition of T(G/K) this fundamental vector field, 
which we now denote by X, is given by 

X(x) = -PAd^^X). 

(See section 0.3 of PS].) Since the map from elements of g to vector fields is a Lie 
algebra homomorphism, we have 

[X,Y](x) = -PAd-\[X,Y]), 

where the brackets on the left denote the commutator of X and Y as operators 
on A. Also, a quick calculation shows that X y X — (Ad y X) A for y G G. We 
remark that X may well take value at some points of G/K — we are confronting 
the fact that the tangent bundle of G/K may well not be a trivial bundle. It 
may even happen that for certain X's in g we have X = 0. We warn the reader 
that for general V, W G T(G/K) the commutator [V, W] as derivations of A is 
again an element of T{G / K) but it is usually not given by any pointwise formula. 
The torsion-free condition shows how to express this commutator in terms of the 
Levi-Civita connection or other torsion-free connections as we will see later. 

The restriction to m of our chosen inner product on g determines a chosen G- 
invariant Riemannian metric on G/K, specializing what was done in Section^. If 
{Xj} is an orthonormal basis for g, then one can chase through the discussion at 
the end of the previous section to see that {Xj} is a standard module frame for 
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T{G/K) for this Ricmannian metric. But this is also easy to verify directly: For 
any W £ T(G/K) and iGGwe have 

{^X 3 (X 3 ,W) A ) (x) = £-(P Ad" 1 Ad" 1 X,, W(x)) B 

= P^Ad^X^Ad^Xj, W(x)) g =PW(x) = W(x), 

since {Ad" 1 Xj} is equally well an orthonormal basis for g. Of course, again we 
may have Xj = for some j's. 

5. Connections 

In this section we will give a description of all G-invariant connections on an in- 
duced bundle. By a connection (or covariant derivative) on the space 5 of smooth 
cross-sections of a vector bundle on a manifold M we mean [3 [6] a linear trans- 
formation V from the space T(M) of smooth tangent-vector fields on M to linear 
transformations on S such that for W £ T(M), £ £ 5 and / £ C°°(M) we have 
the Leibniz rule 

v w (e/) = (v w £)/ + £(<W) 

and the rule 

For the case we have been considering, in which M = G / K and 5 is an induced 
vector bundle H OT , there is a canonical connection, V°, defined by 

(V w O(^)=^o(e(^exp(W(x)))). 

To see that is indeed in 3 W we calculate that for x € G and s £ K 

(V° w O(xs) = Dg(e(Mexp(iW(M)))) = D t ^(xsexp(tAdJ 1 {W{x))))) 

as needed. The other properties stated above for the definition of a connection are 
easily verified by similar calculations. 

There is a standard definition [7] of what it means for a connection V on an equi- 
variant vector bundle to be invariant for the group action, and when this definition 
is applied to our induced bundles 2^ over G/K, it requires that 

for all y £ G, W £ T(G/K) and £ £ S T . It is straightforward to check that the 
canonical connection V° is G-invariant. 

Let V be any connection on E^, and set L = V — V°. It is easily checked 
that Lw £ End^Sjr) for each W £ T(G/K), and so Lw can be represented as 
a function in according to Proposition 13.11 We mentioned in Section [3] that 
£tt is an A-module because A is commutative. It is easily checked that L is an 
A- module homomorphism from T(G/K) to £ w , and that, conversely, if L is any 
^-module homomorphism from T(G/K) to £ n then V° + L is a connection on 
Sjr. This is just the well-known fact that the set of connections forms an affinc 
space over H.om.A(T(G/K), End^S^)). If V is G-invariant, then, because V° also 
is G-invariant, so is L, in the sense that A v (L\y£,) = L\ y wi}*y€) for all U £ G, 
W £ T(G/K) and £ 6 3,, When we view Lw as a function in invariance gives 

L w (y~ l x)t(y- l x) = (X y (L w £,))(x) = (L\ yW (\ y £))(x) = L XyW (x)£,{y^ 1 x). 
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Since this is true for all £, we see that for all y € G we have 

X y Lw = L\ y w 

as functions on G. In particular Lw{y~ l ) — {^yLw){ e ) — L\ y w{e), so that L is 
determined once we know Lyjie) for all W G T(G/K). Note further that since 
Lw G £-n, we have by invariance 

L\ a w(e) = Lwies^ 1 ) = it s L w -(e)^ 1 

for s e K. 

Suppose now that {Xj} is an orthonormal basis for g, so that {Xj} is a standard 
module frame for T(G/K), as seen near the end of Section [4] Then 

L w (e) = Y / Lx j (e)(X J ,W) A (e), 

so that Lw{e) is determined once we know (e) for all j. But -X"(e) = if 
X € 6. Thus in the above expression we only need to sum over a basis for m. 
Equivalently, Lw(e) is determined once we know Lj^(e) for all X S m. Notice that 
on m the map X i— > X is injective. Define 7^ on m by Jl(X) = L^(e), so that L is 
determined by 71,. Then ji, is a real-linear transformation from m to C(7i). Recall 
that X y (X) — (Ady(X)) " . Then from the property of L\y(e) obtained at the end 
of the previous paragraph we have 

lL {k& s {X))=v slL {X)v- 1 

for s G K and X Em. The following theorem has its roots at least back in Nomizu 
[IT] . See also section X.2 of [8] and section of [15] . 

Theorem 5.1. Wti/i notation as above, the map L 1— > 7^, gives a bisection between 
the set of G-invariant connections on S„- and i/ie set of linear operators 7 from m 
to C{TL) with the property that 

7(Ad 5 .(X))=^ 7 (X) 7 r; 1 

/or all s E K and X £ m. 

Proof. We have shown above that every invariant connection V gives rise to L = 

V — V j and L gives rise to 7^, which in turn determines L and so V. We must 
show, conversely, that any 7 as in the statement of the theorem gives rise to an 
L G Hom^ (T(G/.K"), £ n ) such that 7 = 7^, and so gives rise to the connection 

V = V° + L, which is G-invariant. We first define L on each X for X G g by 

L J( (x)= 1 (P(Ad- 1 (X))). 
It is easy to check that G S^, that is, that 

Lx(xs) = it- 1 Lx(x)it s 

for x G G and s G if. We then choose a standard module frame {Xj} for T(G/K), 
and set Ln/ = X) -^v (^ji H'Oa- It is then easy to check that this L has the desired 
properties, and that 7^ = 7. □ 

In the presence of a bundle metric on a vector bundle, a connection is said to be 
compatible with the bundle metric if the Leibniz rule 
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holds. It is easy to verify that the canonical connection V° on S w is compatible 
with the bundle metric that we have been using. If V is another connection on S w 
that is compatible, and if we set L = V — V°, then we see that L must satisfy 

= (L w £, t]) a + (£, L w r\) A . 

This says that L, as a function with values in C(H), must in fact have its values in 
the subspace C sk (7i) of skew-symmetric or skew-Hermitian operators on 7i. When 
L is G-invariant and we define 7^ as above by jl(X) — Lg(e), this then says 
exactly that 7l must have its values in £ sk (Tt). Thus we obtain: 

Corollary 5.2. With notation as above, the map L 1— > 7^ gives a bijection between 
the set of G-invariant compatible connections on S w and the set of linear operators 
7 from m to C sk (TC) with the property that 

7 (Ad s pOH^ 7 (X) 7 r s - 1 

for all s G K and X G m. 

6. The Levi-Civita connection 

For a connection V on a tangent bundle itself it makes sense to talk about its 
torsion [3 [6], which for a connection V on T(G/K) is the bilinear form Ty defined 

by 

Tv(V, W) = V V (W) - V W (V) - [V, W] 

for V, W G T(G/K), with values in T(G/K). Then the Levi-Civita connection 
associated to a Riemannian metric on the tangent space is by definition, for our 
case of T(G/K), the (necessarily unique) connection V which is compatible with the 
Riemannian metric and has Ty = 0. Since our Riemannian metric is G-invariant, 
we can expect its Levi-Civita connection to be G-invariant also. 

Let us calculate the torsion of the canonical connection V° on T(G/K). Now 
for any connection V it is not difficult to verify that Ty is A-bilinear. (See §8 of 
chapter 1 of 7J.) Thus for the reasons seen earlier, it is sufficient to calculate with 
fundamental vector fields. Now to begin with, for X, Y G g we have 

(V%(Y))(x) = D^ixeM-tPAd-'iX))) 

= ^(-P(Ad oxp(fPAd - lw Ad-\Y))) - -P([P Ad" 1 (X), Ad" 1 {¥)]). 

If a connection V is G-invariant, then it is easily seen that Ty is also, in the sense 
that 

\y{T w {V, W)) = T v {X y V, XyW). 
Then it suffices to calculate at e. Accordingly 

T v o(X,Y)(e) - -P([PX,Y]) + P([PY,X}) - [X,Y](e). 

Since X -s- X is a Lie algebra homomorphism, [X,Y](e) = [X,Y~] A (e) = -P([X,Y]), 
and so if we let Q = / — P, 

Tyc (X, Y)(e) = P([PY, X] - [PX, Y] + [X, Y\) = P([PY, X] + [QX, Y]) 
= P(-[X,PY] + [QX,PY] + [QX,QY]) = -P([PX,PY]), 

since [QX, QY] £ t so that P([QX,QY}) = 0. From this we find easily that for 
V, W G T{G/K) we have 

T v o{V,W)(x) = -P[V{x),W{x)] . 
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We thus see that Xyo = exactly if [m, m] C 6, which is exactly the condition 
for G/K to be a symmetric space [5], since the involutive transformation on g 
which is the identity on 6 and the negative of the identity on m is then a Lie algebra 
homomorphism. We thus find the well-known fact (see section 3.5 of [5]) that V° 
is the Levi-Civita connection exactly if G/K is a symmetric space. 

If G/K is not a symmetric space, then the Levi-Civita connection will be of the 
form V° + L. We can again work at e, and one soon sees that if we define L° at e 

by 

(L%(Y))(e) = (l/2)P([PX,PY}) 
and extend L° to G/K by 

(L%(Y))(x) = (L°_ 1Jt (A^y))( e ), 

noting that \^(X) = (AdJ x (X)) " , and finally extend L° to T(G/K) by using 
a standard module frame of fundamental vector fields as done earlier, then LP G 
Rom A (T{G/K),End A {T(G/K)), and 

(T vo+L o(X,Y)(e) = (T V o(l,y))(e) + (4(y))(e)-(4(X))( e ) 
= -P([PX, PY}) + (1/2)P([PX, PY]) - (l/2)P([Pr, PX]) = 0. 

Thus V° + L° has torsion 0. We see that the 7 for LP as in Theorem ET] is defined 

by 

7 x = (l/2)Poad x 

for all X e m as an operator on m. (Compare with theorem X.2.10 of [8] and 
lemma 0.4.3 of [15].) It is easily seen that -fx £ C sk (m) because the inner product 
on 2 was chosen to be Ad-invariant, so that adz is a skew-symmetric operator on 
2 for every Z G g. From Corollary 15.21 it follows that V° + LP is compatible with 
the canonical Ricmannian metric on T(G/K), so that V° + LP is the Levi-Civita 
connection for that Ricmannian metric. When one carries through the calculations 
with the fundamental vector fields one finds that LP is given for general V, W G 
T(G/K) by 

(L° v W)(x) = (l/2)P([V(x),W(x)}). 

One easily checks directly that LP G Honu (T(G/K), End A (T(G/K))) when L° is 
defined in this way, that LP is G-invariant, and is skew-symmetric. But it does not 
seem so easy to check directly that V° + LP has torsion, or even to guess that 
the above formula is the correct one for L°, without working with the fundamental 
vector fields. In summary: 

Theorem 6.1. With notation as above, the Levi-Civita connection for the canon- 
ical metric on G/K is V° + LP where V° is the canonical connection on T(G/K) 
and LP is defined by 

(L° v W)(x) = (l/2)P([V(x),W(x)}). 



7/[m,m] C 6, then L° = 0. 
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7. The Clifford-algebra bundle 

We can form the Clifford algebra, Clif(m), over m with respect to the inner 
product on m (coming from that on g). By definition [5,6 m sits as a vector sub- 
space of Clif (m) and generates Clif (m) as a unital algebra. We follow the common 
convention in Riemannian geometry that the defining relation for elements of m is 

X-Y + Y-X = -2{X,Y} m l, 

where we denote the product in Clif(m) by One can view Clif(m) as a defor- 
mation of the exterior algebra over m in the direction of the inner product. Any 
isometric operator on m extends uniquely to an algebra automorphism of Clif (m) . 
Since the action Ad of K on m is by isometries, it extends to an action of K as 
algebra automorphisms of Clif(m). We denote this action again by Ad. 

The tangent space at each point of G/K is isomorphic to m, and we can form the 
smooth cross-section algebra of the bundle of the corresponding Clifford algebras. 
We denote it by Clif (T(G/K)). We seek an explicit description of this algebra in 
terms of our explicit description of T(G/K). Since Clif (T(G/K)) should be an 
A- module algebra and contain T{G/K) as a submodule that generates it, we are 
led to set 

Cm(T(G/K)) = {pe C°°(G, Clif (m)) : (p(xs) = AdJ 1 ^)) for x E G, se K}. 

This is, of course, yet another "induced" algebra, ft contains A = C°°(G/K) in its 
center in the evident way, it contains T(G/K), and it is an algebra generated by 
T(G/K) with the expected Clifford-algebra relations, namely 

V -W + W -V = -2(V,W) A . 

Since our canonical connection is compatible with the Riemannian metric on 
T(G/K), it extends to a connection on Clif (T(G/K)), which we denote again by 
V°. ft can be defined directly by 

(V° w <p)(x) = Dl&ixexpitWix))). 

This clearly satisfies the Leibniz rule 

v° w (<p ■ t/O = (v°^) • $ + v(v^) 

for (p,ip e CU£(T(G/K)), that is, V° w is a derivation of Clif {T{G/K)) for each 
W e T(G/K). Note that when this is restricted to A C G\ii{T(G/K)) it gives 
S\y. Since the Riemannian metric on T(G/K) is invariant for the left action A of G 
on T(G/K) by translation, A extends to an action of G by algebra automorphisms 
on Clif(T(C7)), which we again denote by A. ft is of course given by (X y ip)(x) = 
ip{y^ 1 x), and when restricted to A C C\\i(T(G / K)) it gives the original action of 
G on A. 

The standard Dirac operator for a Riemannian manifold is defined in terms of the 
Levi-Civita connection, and so if G/K is not a symmetric space, we should consider 
instead the connection V° + L° defined in the previous section. Recall that Lyy (x) 
is a skew-symmetric operator on m for each W € T(G/K) and x G G. Now any 
skew-symmetric operator, say R, on m, as the generator of a one-parameter group 
of isometries of m, and so of automorphisms of Clif (m), determines a derivation of 
Clif(m), which just extends the action of R on m. Then defines a derivation of 
C\if(T(G/K)), which we denote again by L\. It is defined by 

(L° w <f)(x) = L° w (x)(<p(x)), 
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where Lyy(x) here denotes the extension of L ( ^ v (x) on m to a derivation of Clif (m). 
Since the sum of two derivations is a derivation, + Lyy acts as a derivation 
on Clif (T(G/K)). It is easily checked that V° + L° is then an ^-linear map from 
T{G/K) into the algebra of derivations of Clif (T(G/K)). This is the "Levi-Civita 
Clifford connection" that is used when trying to define the Dirac operator for the 
A-invariant Riemannian metric on G/K. 

We note that for any L which is skew-symmetric the above construction works 
for L in place of L°, that is, the construction works for any connection on T(G/K) 
that is compatible with the Riemannian metric. We have not yet used the torsion 
= condition. 

8. The Hodge-Dirac operator 

To define the usual Dirac operator on G/K for its canonical Riemannian metric 
(which depends on the Ad-invariant inner product on q that has been chosen), 
one must deal with the issues of whether G/K is spin or spin , and with the 
bookkeeping details coming from whether G/K is of even or odd dimension. We 
will not pursue these aspects in this paper (so see El [16j HI 03] ) ■ But one always 
has the generalized Dirac operator that is often called the Hodge-Dirac operator. 
(See 9.B of [6J, except that here we work over M. rather than C.) 

We work first with smooth functions, before putting on a Hilbert-space structure. 
We need a representation of Clif (T(G/K)) to serve as "spinors". We take the left- 
regular representation of C\\f(T(G/K)) on itself. So our Dirac operator will be an 
operator on S = C\ii(T(G/K)). We recall that we have required the sections of 
CM(T(G/K)) to be smooth. 

Let V be any connection on T(G/K) compatible with the Riemannian metric 
on G/K, and extend it to Clif (T(G/K)) as done in the previous section. For 
p 6 S define dip by d<p(W) = Vw<P for W € T(G/K). Thus we can view dip as 
an element of S ® T*(G/K), where T*(G/K) denotes the cross-section module of 
the cotangent bundle. But by means of the Riemannian metric we can identify 
T*{G/K) with T{G/K). When dip is viewed as an element of S <8> T(G/K), we 
denote it, with some abuse of notation, by grad^. Let c denote the product on the 
algebra S = Clif (T(G/K)), viewed as a linear map from S ® S to S. We view 
T(G/K) as a subspace of S, and so we view S <£> T(G/K) as a subspace of S (g> S. 
In this way we view grad^, as an element of S ® S, to which we can apply c. We 
can then define an operator, D, on S by 

(8.1) Dp = c(grad v ) 

for all ip 6 S. When V is the Levi-Civita connection, this will be our Hodge-Dirac 
operator, but we do not yet assume that V has torsion 0. 

Let us obtain a more explicit formula for grad^, and so for D. Consider a 

standard module frame {Wj} for T(G/K), for example {Xj} where {Xj} is an 
orthonormal basis for g. Then for any V £ T(G/K) we have 

d<p(V) = V v tp = V-£Wj(Wj,v) A ¥ = ^2{^w j i p)(W 1 ,V) a , 
and so we have 
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When we apply the Clifford product c to this formula for grad^, but also use our 
earlier "dot" notation for the Clifford product, we find that 

(8.2) Di P = ^2(W Wj i P )-W j . 

We emphasize that D is independent of the choice of standard module frame, as can 
easily be seen directly form the fact that (U, V) i— > (Vu<f) • V is clearly ^-bilinear. 
Thus we can choose different frames at our convenience to do computations. A first 
instance of this appears in the next paragraph. 

Suppose that the connection V is A-invariant. We saw in the previous section 
that this implies that its extension to S satisfies Xyffiwv) = V x y w W'-P) ■ Let us 
see that this implies that D commutes with A. For a given standard module frame 
{Wj} we have 

D(\ yV ) = ^wMvV) ■ Wj = 5>,(V A - lw ^)) • A y (A^-) 
= \ (E( V a-v^)) ' itfWj) = \ y (Dtp), 

where we have used the easily verified fact that {A" 1 ^ } is again a standard module 
frame. Thus 

DX y = X y D 

for all y E G. 

The elements of A = C°°(G/K) act as pointwise multiplication operators on 
S, and it is important to calculate their commutators with D. For f E A let Mf 
denote the corresponding operator on 5. Then by the Leibniz rule for V 

[D,M f ](<p) = ^(Vvy>/)) • Wj - (£(V Wj p) ■ Wj)j 

But much as above 

df(V) = S v f = 5<£w j {W j ,V) A f 

so that Wj(Sw j f) is the usual gradient, grady, of /. That is: 

Proposition 8.3. For f G A and ip G S we have 

[D,M f ]tp = ip ■ grad /; 

the product being that in G\\i(T(G/K)) = S. 

We now want a Hilbert space structure on S. As on any Clifford algebra, there 
is a canonical normalized trace, r, on Clif(m), determined by the properties that 
t(1) = 1 and that if 1 is a set of mutually orthogonal elements of m then 

t(Y 1 ■ . . . ■ Y q ) = 0. Note in particular that t(X ■ Y) = ~(X, Y) m for any 1,7 6 m. 
(One way to see the existence of r is to consider an orthonormal basis for m and 
to decree that r is on all of the corresponding basis elements [5J [S] for Clif (m) 
except 1.) On Clif(m) there is the standard involutory automorphism carrying X 
to —X for X G m, and the standard involutory anti-automorphism that reverses 
the order of products. We let * denote the composition of these two, so that * is 
an anti-automorphism of Clif (m) that carries X to —X for X G m. It is involutory 
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since its square is an automorphism that is the identity on m C Clif (m) . On Clif (m) 
we define an ordinary inner product, (•, -) c , by 

{ip, tp) c = r(<p* ■ vo 

for (p,i/j G Clif(m). It is easy to verify that for any orthonormal basis for m the 
corresponding basis for Clif(m) is orthonormal for this inner product, and that 
the inner product is, in fact, positive definite. Both the left and right regular 
representations of Clif(m) on itself are easily seen to be ^-representations for this 
inner product. In particular, elements of m act, on left and right, as skew-symmetric 
operators. 

We apply all of the above structures to S — C\\i(T(G / K)). We obtain an 
involution on S defined by (<p*)(x) = (tp(x))*, and we obtain an A- valued inner 
product, {-,-)a, on S defined by 

{ip, iP)a(x) = {(f{x), ip(x)) c 

for (p,ip G <S. The left and right regular representations of Clif (T(G / 'K)) on S are 
then '^-representations" , that is, for any 6 G S we have 

{9-ip, i>) A = {y, 6*-ip) A , 

and similarly for 9 acting on the right. Finally, we can define an ordinary inner 
product on S by 

{<P, ip) = (<P, ip)A{x)dx. 
Jg/k 

When S is completed for this inner product we obtain our Hilbert space of "spinors" 
for the corresponding "Hodge-Dirac" operator. We denote this Hilbert space by 
L 2 {S,t). We can now view the Hodge-Dirac operator as an unbounded operator 
on L 2 {S,t) with domain S. 

One reason for the importance of the torsion = condition, or at least a weak 
version of it, is in determining whether D is formally self-adjoint, that is, 

(Dtp, ip) = {tp, Dip) 

for all ip, ip G S. For any U G T(G/K) let T% be the A-endomorphism of T(G/K) 
defined by Ty(V) = Ty(t/, V). Then Ty is given by a function on G who values 
are operators on m, according to Proposition 13.11 Thus we can define trace(Ty) 
pointwise as a function in A. Equivalently, trace(Ty) = J2j{Ty{U,Wj),Wj)A for 
one (hence every) standard module frame {Wj} for T(G/K). 

Theorem 8.4. Let V be any G-invariant connection on T(G/K) compatible with 
our chosen Riemannian metric on G/K . Let D be the Hodge-Dirac operator defined 
as above for V, viewed as an unbounded operator on L 2 (S, r) with domain S . Then 
D is formally self-adjoint if and only if 

trace(T^) = 

for all U G T{G/K), where Ty is the torsion o/V. 

Proof. As one might suspect, the proof is a complicated version of "integration by 
parts" or the divergence theorem. We somewhat follow the pattern of the proof 
in section 3.2 of [5] or of proposition 9.13 of [6]. Let {Wj} be a standard module 
frame for T{G/K). We use first the Leibniz rule for V extended to S, and then the 
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fact that V is compatible with the Ricmannian metric, in order to calculate that 
for <p, ip e <S we have 

(Dip, ip) A - {<p, D^) A = p(V ff ^)-^, V)a-{<P, {V w ^)-Wj)A 

3 

3 

For given ip and ■0 the function V ^ (ip, ip ■ V) a is A-linear, and so by the self- 
duality of T(G/K) for its Ricmannian metric there is a U G T(G/K) such that 
(<£,V • V) A = {U,V) A for all V G T(G/K). By letting ip = 1 and p = U (viewed 
as elements in Clif (T{G/K))) we see that any U arises in this way. The above 
displayed expression is then equal to 

J2- 5 w j m w 3)A)+(u,v Wj w j ) A = -YjWw^W^a. 

3 3 

We thus see that D is formally self-adjoint exactly if f JZjCVwjU, Wj)a = for 
all U G T(G/K) and one, hence every, standard module frame {W}}. 
Now by the definition of Tv 

(V W] U,W 3 ) A = (VuW 3 - T v {U,Wj) - [U,Wj] , Wj) A . 

Notice then that, by the A-bilinearity of the inner product, ^2(Wj, W 3 )a is indepen- 
dent of the choice of standard module frame, and that is a frame for m for 
any x G G, so that we can evaluate the sum by using a frame for m that consists of 
an orthonormal basis for m. From this we see that ^2{Wj,Wj)A = dim(m). 
Consequently, by the compatibility of V with the Riemannian metric, for any 
U G T(G/K) we have 



= SufciWjWU) = Ys^vW^W^a + (Wj^uWjU = 2Y,(V u W j ,W j ) A . 

3 3 3 

Consequently J2j{VuWj, Wj)a = . (We remark that this fact depends on the 
pointwisc argument just above, and that the analogous argument can fail for mod- 
ules over a non-commutative A that contains proper isometries.) Thus 

J2(V Wj U,W j )A = -J2(Tv(U,W j ),W j ) A ^{[UiW&WjU. 

3 3 3 

Let V* = V° + L°, the Levi-Civata connection. We can apply the above equation 
to V* and use that V* is torsion-free to get an espression for the last term above. 
In this way we find that 

{V Wj U,Wj)A =-^2(Tv(U,W J ),W J ) A + Y^Wy^WjU . 

3 3 

We will show shortly that 

/ T.^w 3 U,W 3 ) A = 
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for all U. This will show that D is formally self-adjoint if and only if 

= /E< T v(£/,W0),V^ - /trace(T^) 
i J 
for all U . But the integrand of these latter integrals is clearly A-linear in U, so when 
we replace U by fU for any f G A the / comes outside the inner product. Since / 
is arbitrary, this means that the integral is for all U exactly if the integrand itself 
is for all U, and that is the condition in the statement of the theorem. 

Thus we have basically reduced the proof of the theorem to treating V*. We 
remarkthat, because V is the Levi-Civita connection, Ylji^w -U,Wj)A — div([7), 
so that in effect we need to prove the divergence theorem J div(U) = 0. Since V* 
is compatible with the Riemannian metric, we have 

(V f w . U, W 3 ) A = S Wj ((U, Wj) A ) ~ (U, Wj) A ■ 

Now for any X £ g and any /eiwe have 5 x (f) = ^xf, and 

/ {X x f)(x)dx = 
Jg 

because Xxf is the uniform limit of the quotients 

(Kxp(-tx)f - f)/t 

as t converges to (see lemma 1.7 of chapter of [18], where one needs C to be 
invariant), and the integral over G of each of these quotients is clearly by the 
left-invariance of Haar measure. Thus if we choose our standard module frame to 
be Wj = Xj for an orthonormal basis {Xj} for g, we see that for each j 

I S X ((U,X J ) A )=Q. 
Jg/k 3 

Consequently 

/ £<v^.fUi>A=/ ]>>,v^}a. 

Jg/k j 3 Jg/k ■ 3 

Since we want this to be for all U, it is clear that we need to show that 

3 

Now V* = V° + L°, and for any W £ T(G/K) we have 

(L° w W)(x) = (l/2)P[W(x),W(x)] = 0. 
Thus we only need to show that J^j = 0. But 

(E^/iX*) = -EnpAd^x,-, Ad- 1 *,-] . 

3 3 

Note that {Ad^ 1 Xj} is an orthonormal basis for q for each x. Now (X, Y) ^ 
P[PX, Y] is bilinear, and so it is easily seen that the value of J^j Xj] does 

not depend on the choice of orthonormal basis. We can then choose our basis such 
that Xi, , . .X p is a basis for m while X p+ i, . . . , X n is a basis for t. Then for j < p 
we have PXj = Xj so that the corresponding terms in the sum are 0, while for 
j > p we have PXj — so that again the corresponding terms in the sum are 0. 

□ 
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We can use this to show that even though the canonical connection is often not 
torsion-free, we have: 

Corollary 8.5. The Hodge-Dirac operator for the canonical connection V° is for- 
mally self-adjoint. 

Proof. We apply the criterion of Theorem 18.41 to the canonical connection. From 
our calculation of T v o in Section 6 we see that for any U G T(G/K) we have 
T^ (x) = —P o ad[/( a ) . We can use an orthonormal basis X\, ... ,X p for m in 
calculating the trace. Extend this basis by an orthonormal basis Xp+i, . . . , X n for 
i. Then for any U (x) — Y 6 m we have 

p n 

trace(P o ad y ) = ^<P[F, Xj],Xj) m = ^2([Y, Xj},Xj) s = trace(ady on g) 

since \Y, Xj] G m if Xj e f so they are orthogonal. But for each j we have 
{[Y,Xj],Xj) = (Y, [Xj,Xj]) = 0, and so trace(ad y on g) = 0. Thus V° sat- 
isfies the criterion of Theorem 18.41 and so its Hodge-Dirac operator is formally 
self- adjoint. □ 

I have not seen mentioned in the literature the possibility that some non-torsion- 
free connections can nevertheless have formally self-adjoint Dirac operators. 

A simple further calculation using the fact that Ljj is a skew-adjoint operator 
and so has trace 0, gives: 

Corollary 8.6. Let V be a connection compatible with our chosen Riemannian 
metric, and let L = V — V° . Then the Hodge-Dirac operator for V is formally 
self-adjoint if and only if for one (hence every) standard module frame {Wj} for 
T(G/K) we have 

»»' U , = 0. 

3 

For the essential self-adjointness of Dirac operators see, for example, section 9.4 
of [5] and section 4.1 of [5]. 

Let us now consider the operator norm of [D,Mf] for / G A. We saw earlier 
that [D,Mf]ip = tp ■ gradj for (p G S, and that grady G T(G/K). Let R denote 
the right-regular representation of S on itself and so on L 2 (S,t). Now the norm 
of any bounded operator, T, on an inner-product space satisfies the C*-condition 
|| T ||2 = \\t*T\\, so for any V G S we have ||i^|| 2 = \\R* 4 ,R^\\- When we use this 
for ip = V G T(G/K), and recall that elements of T(G/K) act as skew-symmetric 
operators for the Clifford product, we see that 

\\Rv\\ 2 = \\R* v Rv\\ = W-Rv-vW = \\R(v,v)J- 
But simple arguments show that for any g G A we have = ||g|!oo- When we 

apply all of this for V = grad^ we obtain 

Il-Rgradj 2 = ||(grad / ,grad / )A||oo, 

so that ||-Rgradf || = II g ra df lloo for the evident meaning of this last term. But a 
standard argument (e.g., following definition 9.13 of [6]) shows that if we denote by 
p the ordinary metric on a Riemannian manifold M coming from its Riemannian 
metric, then for any two points p and q of M we have 

p(p, q) = sup{|/(p) - f(q)\ : || grad/ (U < 1}. 



A GLOBAL VIEW OF EQUIVARIANT BUNDLES AND DIRAC OPERATORS 



19 



On applying this to G/K, using what we found above for the Dirac operator, we 
obtain, for p now the ordinary metric on G/K, 

p(p,q)=sup{\f(p)-f(q)\ : \\[D,M f ]\\ < 1}. 

This is the formula on which Connes focused for general Riemannian manifolds 
[3l [4] as it shows that the Dirac operator contains all the metric information (and, 
in fact, much more) for the manifold. This is his motivation for advocating that 
metric data for "non-commutative spaces" be encoded by providing them with a 
"Dirac operator" . 

We showed earlier that our D commutes with the action A of G. This is exactly 
the manifestation in terms of D of the fact that the action of G on G/K is by 
isometries for the Riemannian metric and its ordinary metric. 

It would be interesting to understand how all of the above relates to Connes' 
action principle for selecting the Dirac operator from among all of the spectral 
triples that give a specified Riemannnian [4]. (See also theorem 11.2 and section 
11.4 of [6 .) Of course, on the face of it Connes' action principle is just for spin- 
manifolds while many homogeneous spaces are not spin. 
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